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Abstract-Let an initially isothermal fluid be subject to an impulsive increase in its 
ambient temperature with the consequence that the tluid is suddenly heated from its 
lateral boundaries and flows upwards in thin thermal boundary layers. This flow will 
start tilling up the container and consequently the temperature of the fluid region will 
increase in time and approach the ambient temperature. A highly idealized model of 
this process is proposed in this article. The model is based on a separation of the interior 
fluid region into two regions. each with its own dynamics. One region is isothermal and 
initially occupies the entire interior. The other region is stratified and expands with 
time from the top of the container. The position ofthe interface between the two interior 
regions is governed by the volume flux in the thermally forced boundarv layers. The 
stratified region fills up the whole container after a certain time u hereupon-it approaches 
its new steady-state. The predictions of this model are compared with results from a 
laboratory experiment and the agreement was found to be fair. 
I. INTRODUCTION 
Steady free convection in enclosed cavities has been extensively studied in various con- 
texts. (For a short review see [I]). The unsteady counterpart has. howe\:er, attracted little 
interest in the past despite the fact that the thermal adjustment of a contained fluid to 
changing external conditions is an everyday phenomenon. One important exception is 
c,onvection from a heated vertical boundary in a vessel of finite dimensions. The pres- 
surized discharge of cryogenic liquids from tanks is one application in this context (for a 
review see e.g. [?I). Some of the efforts dedicated to this particular case have been mo- 
tivated by the optimization of propellant tank design and determination of pressurant 
requirements for large rocket vehicles. (Recalling that the pressure in a closed tank not 
completely filled with a fluid is directly related to the surface temperature and not to the 
bulk temperature of the fluid). Similar problems arise in other fields such as the pressurized 
storage of cryogenic liquids (e.g. LNG) in ground installations. etc. 
In this work, a simple model is proposed in order to describe the transient behaviour 
ofan initially isothermal fluid subjected to an impulsive change in the ambient temperatur?. 
The fluid is contained in a straight cylinder with insulated horizontal end-plates. Only the 
curved vertical boundary has a finite heat conductivity. First a free-convection boundary, 
layer is formed at the vertical wall [3]. Fluid from the othenvise isothermal interior is 
sucked into this layer where it is heated and moves up the boundary (or downwards in 
the opposite case, with an impulsive lowering of the ambient temperature). The closed 
container forces the boundary layer flux to form an upper warm region above the otherwise 
cold interior. We assume that this region becomes stratified as is observed in the esper- 
iments by Schwind and Vliet [4]. The hypothesized circulation is shown in a definition 
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Fig. I. Definition sketch showing the hypothetical model that describes how the initially cold homogeneous fluid 
of temperature T” is thermally forced by a warm ambient fluid of temperature 7’. The arrows indicate the assumed 
circulation where m8 and KI are the transports in the buoyancy layer and the free-convection boundary layer 
respectively. The interface & is sho\\n by the stippled line. It separates the cold isothermal region from the 
upper stratttied one. The horizontal boundaries are insulated. 
sketch, Fig. I. Simultaneously with the expansion of the upper region, the corresponding 
part of the free-convection boundary layer is replaced by another type of boundary layer, 
a buoyancy layer, as it is called under certain conditions in the literature [5]. One purpose 
of this work is to determine the lowest-order transient temperature field in the upper 
region and the rate at which it expands to fill up the whole container. 
The outline of the study is as follows: In Set . 2 the theoretical background to the free- 
convection boundary layer is presented. In Sec. 3 the same is done for both the buoyancy 
layer and the stratified interior. In Sec. 4 the model equations are derived and solved. In 
Sec. 5 the predictions of the model are compared with a simple pilot experiment. Fur- 
thermore the validity of the model and its restrictions are discussed. 
2. THE FREE-CONVECTION BOUNDARY LAYER 
The working fluid is contained in a cylinder, the axis of which is parallel to the grav- 
itational acceleration gli. In the cylindrical coordinate system (r, z) used, X- = (0; - 1). 
The initial temperature field is isothermal 
T= T”;OszsH (2.1) 
while the ambient temperature is ?. Let us assume the temperature variation across the 
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free-convection boundary layer at the cumed vertical wall to be insignificant compared 
to the “bulk” temperature difference i - T’. then the lowest order thermal boundary 
condition becomes (as long as the interior temperature is unaltered) 
ai 
- = S(T’ - i‘)at < = 0 
% 
(2.2, 
where j measures the distance along the inward normal from the vertical boundary (the 
superscript - denotes the boundary layer variables). The parameter i. which can be 
interpreted as the “inverse thermal thickness” of the boundary (of real thickness 6). is 
approximately defined by 
where X- and k^ are the thermal conductivitiss of the fluid and the wall respectively. Note 
that the boundary condition (2.2) is equivalent to a constant heat flux. Sparrow and Gregg 
161 derived and solved the proper free-convection boundary-layer equations for a case 
with a boundary condition equal to (2.2) but for a semi-infinite wall. By choosing a sim- 
ilarity variable 6 such that 
the boundary layer equations within the Boussinesq approximation are then transformed 
into the following set of ordinary differential equations (cf. (6)). 
(2.S) 
The dependent variables are defined by 
F(b) = & 
fx4J) = 
-C,(T - T”) 
j(T - I-“) 
Where Q, is the stream function and CT is the Prandtl number. The coefficients C, and Cz 
are given by 
c 
’ i 
= gcx3 i - 7-O) “5 
52 I 
C2 = {j4gas^v3(T - T”)}“j 
Here 01 and v are the coefficients of thermal expansion and viscosity respectively. The 
proper boundary conditions (including the thermal boundary and the no-slip conditions) 
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atb=O (7.6a) 
dF ( > 0;- -*Oasb-+r 4) (1.6b) 
The similarity solution may require some distance from the starting point in order to 
become established, leading to the concept of virtual origin. However, no attempt has 
been made to determine this origin in our case. nor have the effects of the end-plates 
been considered. In spite of these uncertainties, the solution is used to determine the 
boundary layer transport ni. Since the vertical velocity within the layer is given by 
the transport is obtained by integrating across the layer using (2.6a). 
(2.7) 
Thus the transport is uniquely determined by F at infinity. 
The Eqs. (2.5) are transformed to five coupled first-order equations which can be solved 
numerically by a Runge-Kutta scheme. However. as the system is of the fifth-order but 
only three initial conditions are available, (1.6a). the remaining two have to be guessed 
at. This is readily done by an iterative procedure to suitable order. 
3. THE UPPER STR_ATIFIED REGION 
The theory presented by Walin (j), which is assumed valid in the upper region and 
which is outlined below, is also formulated within the Boussinesq approximation, but also 
under the following conditions: 
{ I 
- Ii2 
V 
s^L‘=s - 
IVL' 
(3.1) 
(3.2) 
(3.3) 
(where the index I denotes the interior variables). X is the diffusivity of heat and IV is 
the buoyancy frequency defined by N’ = gcy(i - T’)/p,L. Here L and p. are the typical 
length-scale of the vessel and the mean density of the working fluid respectively. The 
demand for a strong interior stratification, (3.1). makes a linearization of the interior 
equations possible. Condition (3.2) restricts the diffusion of heat and momentum, giving 
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rise to the boundary layer characteristic of the system. Finally. condition (3.3) limits the 
thermal forcing at the vertical boundary, a prerequisite to the linearization of the boundary 
layer equations. Further, this condition constitutes the forma1 ground for retaining the 
boundary condition (2.2) where. however. T” now is repiaced by r[;.,,. 
Under these conditions the lowest-order interior equations become 
(3.-w 
(3.-tb) 
The corresponding buoyancy-layer equations are 
(3.5,) 
(3.5b) 
(where the index B denotes the buoyancy-layer variables). The transport in the buoyancy- 
layer is obtained by integrating (3.5b) across the boundary laq.er and applying the thermal 
boundary condition at the vertical wall. By further integrating around the tank in a hor- 
izontal plane of area A”, one gets the total transport 
x 
wEdi= -X 
J’( T’ - f) dl 
dT[ 
(3.6) 
The interior velocity W’ is now readily obtained by utilizing volume continuity. 
A”W’ i ‘MB = 0 (3.7) 
This yields a linear heat equation, i.e. (3.4b) can now be written as 
(3.8) 
Note that the thermal boundary condition at the vertical wall is already satisfied by the 
solution to this equation. 
3. THE MODEL EQUATIONS 
The rate of expansion of the upper region is determined by the heated flow in the frse- 
convection boundary layer. If. in this layer. the typical length-scale of the temperature 
equals that of the tangential velocity, then the volume flux tir can be used to determine 
the expansion of the upper warm region. Thus, let us assume that the Prandtl number is 
of order unity, i.e. u - 1. The position of the interface that separates the two interior 
regions is denoted 6. By applying volume continuity at this interface, where z = I&(~,, one 
gets 
fi dl -I- A” . !?!!! = 0 at ; = &,,, 
at (4. I) 
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the solution of which has to satisfy the initial value 
&o, =H 
as the upper region expands from the top downrr.ards. It becomes 
&(,) = H . 1 - t I 1 
5 
T 
(4.2) 
(4.3) 
where 
jRH' j 
T = 2CIF(X) 
Here R is the radius of the cylinder. By inverting (4.3) one gets a function for the time 
when the interface will pass a certain level, 
(4.4) 
In order to facilitate the coming analysis, let us non-dimensionalize the equations and 
boundary conditions by the following transformations 
t = Tt’ 
z= LZ’ (4.5) 
T=AT.T 
where ‘T is the “traverse time” and hT is the characteristic temperature-difference in the 
vessel. Further AT is also assumed valid for the external temperature field T. Dropping 
the primes, the interior heat equation (3.8) becomes 
(4.6) 
where 
Hence B is the ratio of the “traverse time” to the -Tush-time” due to the boundary-layer 
transport, while C is the ratio of the “traverse-time” to the “diffusion-time”. As the 
interest is focused on the advection-dominated regime characterized by B - 1 and B/C 
* 1 or invoking (3.3), 
(4.7) 
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the governing equation becomes 
L3T’ 
- t B(T’ - i, = 0 
at 
The boundary conditions for the insulated top and bottom are 
L?T’ 
- = Oat: = 0.1 
a: 
while continuity in temperature across the moving interface yields 
T’ = T” at ; = &I, = (1 - t)’ 
3 
(1.S) 
(1.9) 
(4.10) 
The solution to the degenerated Eq. (4.8) is 
T:,,,, = f f Cc;, exp( - Bt) (4.1 I) 
A non-trivial solution is obtained by letting Eq. (4.8) satisfy condition (1. IO), 
C = {To - f} exp(Bx,:,); xi:, = (I - :“j) (4.1’) 
(Note that the temperature field in the lower isothermal region trivially satisfies the bottom 
boundary condition.) The interior solution satisfy.ing the condition at the non-uniformly 
moving interface becomes 
f + CT” - f) exp{B(x,:, - t)} 
T::.,, = 
: 
(4.13) 
T” 
0 5 ZJ : \Ir(,) 
0 5 f 5 xc:) 
valid in the interval 0 5 r 5 1. The top boundary condition is not satisfied by (4.13). This 
suggests a boundary layer approach. 
The top boundmy layer 
Apply the stretched coordinate 
6,q = 1 - ; 
to the undegenerated heat equation (4.6) where h1 is an arbitrary but small coeffkient. 
The resulting boundary layer equation (denoted by superscript B) becomes 
where S”2 - C. A consistent solution must diminish in the interior. thus 
(4.14) 
TB*Oasq+x (4.15) 
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Furthermore. this solution must satisfy the initial and boundary conditions together with 
the interior solution which results in the following conditions 
TB = 0;t = 0 
; {T’ + TB} = 0; z = 1 
c 
Equation (4.14) is readily solved by a Laplace transformation. The solution to the trans- 
formed equation satisfying conditions (4.15) and (4.16) becomes 
i-B = Dexp{-(~)‘li(l - z)} (4.17) 
where 
D = E(S + B)-3” 
E = B(T” - i)C”’ 
5 
The boundary-layer solution is then obtained by inverting (4.17), 
TB = E exp(-Bt) { 1 (i)” exp [ -(‘,, ~‘1 
The characteristic time-scale of the boundary layer 
process considered. 
The complete solution 
(1 - z> 
- -p-- erfc [s]} (4.18) 
formation equals that of the interior 
In order to get an overview of this advection-dominated heat-up process let us present 
the complete solution (that satisfies the imposed boundary conditions (1.9) and (4.10)). 
f + (T” - fJ exp{B(x(_-, - t} + 
T:,,,, = 
i 
+ 2Et1”z erfc {&$} exp(-Bt)] 
T” 0 5 ; 5 &,, 
0 5 t 5 X(;, 
(4.19) 
The characteristic features of this solution are shown in Fig. 1. Our model describes how 
the hypothetical adjustment-process takes place from the initial isothermal state to the 
new steady state via the formation of two distinct vertical boundary lay.ers and a stratified 
interior. (Note that this behaviour is somewhat analogous to that of a rotating homoge- 
neous fluid that is spun-up by a sudden finite increase in the rotation rate of its container.) 
The solution to the degenerated interior Eq. (4.8) can only satisfy the continuity condition 
of temperature at the interface. Further, it requires a horizontal boundary layer at the top 
of such thickness that diffusion can balance the advection in order to satisfy the boundary 
condition. A graph showing the solution (4.19) for some different times is shown in Fig. 
3 for the parameter values B = 5 and C = 0.05. Though the lowest order solution is 
continuous in temperature across the interface, the same is not true for the heat flux. This 
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Fig. 2. Schematic illustration of the solution (4.19). The interface & separates the lower isothermal region of 
temperature T’ from the upper stratified one. The thermal boundary layer at the top is of thickness 6,( = C”). 
discontinuity requires additional internal boundary layers. Their derivation is. howev.er. 
not straightforward, as the vertical boundary layer is made up oftwo qualitatively different 
boundary layers, one for the “strongly” stratified region and one for the homogeneous 
region. and the necessary analysis of the transition zone between these layers is bey.ond 
the aim of this work. 
When the interface reaches the bottom tat t = 1) the entire interior is stratified. Each 
level approaches (after the passage of the interface) its steady-state. independently. of 
adjacent levels. on a typical time-scale of order B-‘. (This ty’pe of behaviour has been 
discussed briefly in another context by the author. see [7]). 
The solution to the upper region is also valid for t 2 I, but the interior heat flux becomes 
singular at the bottom. This is due to the omission of the virtual origin in our similarity 
solution. Thus the bottom boundary condition (4.9) cannot be satisfied by use of boundary 
layers equal to that used at the top. Hence the heat flux in our solution is discontinuous 
at the interface or singular at the bottom (dependin g upon if t c I or not). Another 
singularity occurs as the interior approaches its isothermal steady-state, namely that the 
temperature gradient in the equation for the buoyancy layer transport diminishes. This 
is. however. not serious. as the thermal forcing vanishes simultaneously. 
0 
Fig. 3. A plot of solution (4.19) with B = 5 and C = 0.05 for I = 0.1-0.8 are represented by the curves a) to 
g). 
5. A PILOT EXPERIMENT 
A simple laboratory experiment has been carried out in order to make some quantitative 
comparisons with our model. The vessel consisted of a “Perspex” cylinder with insulated 
horizontal “Styrofoam” lids. Its dimensions are given in Fig. 4. The working fluid was 
ethyl alcohol (95%). The three parameters 9L, B, and C were 12, 0.05, and 0.00-l respec- 
tively. Note that there are some uncertainties in the values of the parameters above as 
the physical properties of the fluid are sensitive to the amount of water in it. However, 
the conditions (3.1) to (3.3) are fulfilled, as is condition (4.7). 
The experimental procedure was as follows. The vessel was filled with a cold, ho- 
mogeneous fluid and then lowered into a warm, constant-temperature bath. The temper- 
ature response was registered at two different depths by thermistors in the centre of the 
vessel. A complication arose, hovvever, as the hitherto used Prandtl number is assumed 
of order unity in the model, but differed considerably from that value in the experiment, 
in fact a = 20. As a consequence, the length-scale of heat diffusion was much shorter 
than the corresponding scale of momentum diffusion, as is illustrated in Fig. 5. Thus a 
large portion of the boundary layer flow consisted of isothermal interior fluid that was 
just dragged along the boundary and that part of the flow did not make any significant 
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contribution to the upper stratified region but mrerly recirculated back into the cold ho- 
mogeneous interior. This u-as due to an inconsis:encv of our model in that only the volume 
flux and not the heat transport in the free-con\.ection boundary layer has been used to 
determine the position of the interface and its :smperature. In order to circumvent this 
problem, only the volume transport of tluid warmer than a certain temperature Leas used 
in the transport calculations. In fact the go\rerning Eq. (1.8) represents the lowest-order 
balance of the heat Eq. (4.6) as a result of a regular expansion in the non-dimensional 
parameter C/B < 1. Thus, it is then not inconsistent to use the temperature T* defined 
by 
as a cut-off limit in our ad hoc assumption. The upper region is consequently defined as 
the region above the isotherm T*. HoLvever. the initial condition remains unaltered to 
leading order. In this case the ratio F(b*)lF(r) became .42, a fact Lvhich has a profound 
effect upon the calculated speed of the interface. The cut-off limit is marked in Fig. 5 
where the integrated heat transport is also shoirn and. as might be deduced from the 
former, the error induced in the magnitude of the heat transport by our choice of cut-off 
limit is in fact negligible. 
The observed data from the experiments are compared u,ith those obtained from the 
model in Fig. 4. Note that the passin, 0 of the interface has been matched to the actual 
start of the increase in temperature at the highest level of observation. as the model does 
not incorporate such effects as the transient formation of the free-convection boundary 
layer. Further. as mentioned above. no attempt has been made to <stirnate the \.irrual 
origin of the similarity solution. 
A series of experiments with different (i- - T’) was performed. but the qualitative 
1000 set 
Fig. -l. A graph showing the temperature response pt two diRerent heights (9 cm ( x 1 and 6 cm (01). as the initial 
temperature difference was 8.0 K. The corresponding predicred values are also shown for this case. The uorking 
fluid is ethyl-alcohol. The calculated traverse time is : = 8.10’ sec. The overall dimensions of the vessel are 
given in the upper right comer. 
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Fig. 5. A graph showing the dimensionless velocity - ( 1 db, and temperature distribution (0) across the free- 
convection boundary layer for o = 20. The thin solid line at 15 = b* indicates the cut-off limit for the transport 
calculations. The transport (stippled line) is also shown in this graph. 
picture remained unaltered. The lowest-order model seemed to describe the temperature 
evolution quite well even if the initial temperature difference appeared a bit overestimated. 
This was not surprising considering the weaknesses mentioned above. Further, the pre- 
dicted rate of decay appeared to be a bit overestimated. This discrepancy was mostly due 
to the neglected contribution from the buoyancy-layer temperature in the thermal bound- 
ary condition and was a consequence our the lowest-order approach. The weaknesses 
discusses above leave ample scope for future improvements of the model. 
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